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ABSTRACT: In this paper, we developed concepts of fuzzy automata inverse semi groups and fuzzy
automata inverse sub-semi groups using the concept of fuzzy spaces introduced by K. A. Dib. In addition,
the concept of the fuzzy normal sub-semi group of a fuzzy automata inverse semi-group is introduced.
Finally, we study their relationships between fuzzy automata inverse sub-semi groups and classical

definitions of fuzzy automata inverse sub-semi groups.
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I. INTRODUCTION

A nonempty set X, a fuzzy subset of X is, by definition,
an arbitrary mapping A: X — [0,1], where [0,1] is the
usual interval of real numbers. The important concept of
fuzzy automata set position onwards by Zadeh has
opened up keen insights and applications in a wide
range of scientific fields [1]. It offers tools and a new
approach to model imprecision and uncertainty present
in phenomena that do not have sharp boundaries. Since
then, a series of research on fuzzy automata sets has
come out expounding the importance of the concept and
its applications to logic, set theory, algebra theory, real
analysis, topology, etc. [3]. Fleck used the notion of a
fuzzy subsets of a set to introduce the notion of fuzzy
group of a group, Rosenfeld’s paper motivated the
development of fuzzy algebras [10]. Following the
formulation of fuzzy subgroups by Rosenfeld, Dib
introduced the concept of a fuzzy automata space as a
replacement for the concept of universal set in the
ordinary case. Recently, some basic concepts of fuzzy
algebras such as fuzzy homomorphism’s were
introduced and discussed by using the new approach of
fuzzy space and fuzzy automata groups introduced. In
this paper we introduce concepts of fuzzy automata
inverse semi groups and redefine fuzzy automata
inverse sub-semi groups using the concept of fuzzy
spaces introduced by Dib [2].

Il. NOTATIONS AND PRELIMINARIES

Throughout this paper we adopt the following notations,
definitions and some results.
I: The lattice [0,1] with the usual order of real numbers.

L, K, N: An arbitrary completely distributive lattices with
least and greatest element by Li and Pedryz [6].

J =L® K : The vector lattice L x K with the partial
order defined by
(@) (17,1)<(s,,8,)iff r; <s,,1r, <s, whenevers, #0,s, #0;

(s,,5,) =(0,0)whenevers, =0ors, =0.

J :The latticel ®I.

X always denotes a nonempty ordinary set and A, B, C
are fuzzy subsets of X. When we speak of an L-fuzzy
automata subset we mean that the associated
membership function takes its values from the lattice L
(4], [6]-

Definition: A nonempty set L closed under two binary
operations as follows:

A And v, is called a lattice (L, A, V) provided following
axioms hold:

Idempotent law, Commutative law, Associative law and
Absorption law [7].

Definition: A fuzzy space, denoted by X is the set of

all ordered pairs

(x,Dxe X.ie,X, ={(x,[): xe X},where(x, L)iscalled a fuzzy element of the firzzy space X,

Definition: A fuzzy subspace U of the fuzzy space X_
and Yk is a collection of ordered pairs (y, Ly), where

yeU, for a given subset Up if X and L, is an M-sub
lattice of L and denoted by
U={(y,L,):yeU,}where(y,L, )is called a

fuzzy automata element of the

subspace U.

fuzzy automata
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Definition: A fuzzy automata Cartesian product of the two fuzzy automata spaces [11], [12] X, and Yk is the fuzzy
automata space X, XY, =(XXY),={((x,y),J):(x,y)e X XY }.for the two fuzzy subspaces

U={(x,L):xeU,}andV ={(y,L,):y€V,} of the fuzzy spaces X, and Yi respectively, their fuzzy

Cartesian product is the fuzzy automata subspace U XV ={((x, y),L, ®Ky) ((x, y)e U, XV,} of the fuzzy
automata space X; x Yk.

Definition: A fuzzy automata function F'=(F,f,):XXY — Zis called a uniform of its co membership

functions f,, are identical i.e., f, (r,5) = f(r,s)forall (x,y)e XXY.
Lemma: Every fuzzy automata function F =(F,f ):XXY —Z with onto co membership functions

fxy :J = N defines a function, denoted again by F', from the fuzzy space X, XY, to the fuzzy automata space
Z, anditsacts as F((x,y),J) =(F(x,y),f (J)) = (xF,,N).

Definition: A fuzzy binary function I} = (F,fxy) on the fuzzy space X is a fuzzy automata function I}from
X X X to X with co membership functions fxy : L® L — Lthat satisfy:

(i) Sy (rs$)=0 ifand only if r = 0 or s=0;

(i) fAy are onto, i.e., fxy (L®L)=L forall (x,y)e XxX.

Definition: A fuzzy space X, with a fuzzy automata binary operation F' = (F, f)is said to be a fuzzy automata
groupoid and denoted by (X, F').
A fuzzy semi group is a fuzzy groupoid that is associative, i.e.,

(D) FO.D F(z.D) =) F (. D (D) for any (x,1).(y.I) and (z.1)€ X,.

Lemma: Associated to each fuzzy automata semi group (Xl, F ) there is an ordinary semi group

( X ,F) and they are isomorphic to each other by the correspondence (x,1) <> x.

DU ={(x,L,): xe Uy} we have(x, L) F(y,L,) = (xF,, L, )€ U;
Definition: A fuzzy subspace

i)(U, F )satisfies the condition of a semigroup.

Lemma: A fuzzy subspace U of the fuzzy semi group (X, F) is a fuzzy sub-semi group of (X, F)if and only if
(i) (U,,F) is a sub-semi group automata of the ordinary semi group (X, F) ;
(ii) fxy L® Ly) =L

automata subset A of X.

s Jorallx, ye U, . Conceming the induced fuzzy subspace H(A) by the fuzzy

Theorem: An induced fuzzy automata subspace H(A) by A of the fuzzy automata semi group (X, F') is a fuzzy

sub-semi group if and only if:
(I) (A0, F) is a sub-semi group automata of the ordinary semi group (X, F).

(i) [y (A(X), A(y)) = A(xFy), for all x, ye U,

Finally, concerning the classical fuzzy automata inverse sub-semi group, we mentioned the subsequent definition.
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Definition: A fuzzy sub-semi group A of an (ordinary) inverse semi group (X, F) is called fuzzy inverse automata if
and only if for any X € x e X there exists unique

x'e I = {(x'e X:xFx'Fx=x,x'FxFx"' =x"}suchthat A(x"") > A(x).

Il. FUZZY AUTOMATA INVERSE SEMI GROUPS

Commencing now on, we think about the fuzzy automata space XI with the lattice | = [0,1 ] by Benjamin Steinberg

(9]
Definition: A fuzzy automata semi group (XI,F ) is called fuzzy automata inverse if, for each fuzzy automata

element (x,1) of X there exists a unique fuzzy automata element

(7, Din X, suchthat (x,1) = (x, 1) F(x™, 1) F(x, Dand (x"*,1) = (™, 1) F(x, [) F(x™, I)(*).

Here we observe that each fuzzy automata semi group (XI,F) is isomorphic [10] to the ordinary semi group

(X, F) .The equality (*)can be written as:(x,1) =(xFx "' Fx,I)and (x",I)=(x"'FxFx™",I). From the
preceding discussion, we get the following theorem.

Theorem: To each fuzzy automata inverse semi group (X l,F )there is an associated ordinary inverse automata

semi group (X, F') and they are isomorphic by the correspondence (x, 1) < x. Therefore, the inverse automata semi

group (X, F) is isomorphic to every fuzzy automata inverse semi group (X,,F). Where F =(F,fxy)for

arbitrary choice of onto co-membership functions f@ .

Definition: A fuzzy finite automata inverse semi group (X, F'), where FF = (F, f. ), is called a uniform if the co-
membership functions f are identical, i.e., f,, = f forall x,ye X.

Remark: In the snappish case, where | is replaced by {0,1}, the fuzzy automata Cartesian product space (X XX),,

is identified with ordinary Cartesian product X X X and the fuzzy automata binary F' = (F, f, )is reduced to the
ordinary binary operation F. Since every element x in X can be identified with (x, {0, 1}), hence the fuzzy automata

inverse semi group (X, F) can be identified with the ordinary inverse automata semi group (X , F')
By Park [11].

Definition: If (U, F) is called a fuzzy automata inverse sub-semi group of (X, )

i) U is closed under the fuzzy automata binary operation F, ie.,

(x.L)F(y,L)) = (xF,.L,)e U forall(x,U,),(y,L,)e U;

ii) (U, F) satisfies the conditions of the ordinary inverse automata semi group.

Theorem: A fuzzy subspace U is a fuzzy sub-semi group of (XI,F) if and only if the following conditions are
satisfied (i) (U, F’) is an ordinary inverse sub-semi group of (X, F') ;
(i) f,(L,®L)=L, forallx,yeU,.
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Proof: If (i) and (i) are satisfied, we have (a) I is closed on the fuzzy automata subspace U; (b) (U, F') satisfies

the conditions of an ordinary semi group. Moreover, Let(x,L )€ U . Then, by (i) and (ii), there exists unique
(x_l,Lx,l)e U, where
x’'e I = {x7'e U,:(x,1)= (xFx'Fx,Dand (x”',1)=(x"FxFx~",I),suchthat

(x,L)=(6L)F(x™\L_)F(x,L)and (x"\L_)=(x"\L_)F(x, L)F(x",L ).
We have thus shown that (U, 1{7) is a fuzzy automata inverse sub-semi group of (X, F).

Let (U, F)be a fuzzy automata inverse sub-semi group of (X, ) . Then, it is easy to see that condition (ii) can be

obtained directly, because (U, F') satisfies the conditions of the ordinary inverse automata semi group. Concerning
the induced fuzzy automata subspace H(A) by the fuzzy automata subset A of X.

Theorem: An induced fuzzy automata subspace H (A) by A of the fuzzy automata (XI,F )is a fuzzy inverse

automata sub-semi group if and only if the following conditions are satisfied: [8]
(i) (Ao, F) is an ordinary inverse sub-semi group of (X, F);
(i) For all x, y € Ug, we have f x, (A(X), A(Y)) = A(x F)).

Remark: For any onto co membership functions fx’y, the fuzzy inverse automata semi group (XI,F), where
F=(F,f,),is isomorphic to the ordinary inverse semi group (X, F’) .Therefore, if (U, F)is a fuzzy automata

inverse sub-semi group of (X, F), then we can say that (U, F') is a fuzzy automata inverse sub-semi group of
the ordinary inverse semi group (X, F') by Park C. H. [11].
Definition: An element e in the inverse semi group (X, F') is idempotent ifeFe = e . Let EX denotes the set of al

idempotent elements of (X, F)

Definition: A fuzzy sub-semi group (U, F') of the fuzzy inverse of the fuzzy automata inverse semi group (X, F)

is called a fuzzy full if U, contains all the fuzzy idempotent of (X, F') , i.e., E, C U [13].

Definition: A fuzzy sub-semi group (U, I~7) of the fuzzy inverse semi group (X, 1{7') is fuzzy

Self-conjugate, in the sense that (y,L,)e U = (V(x,1)€ Xl)(x_l, I I:“(y, L) I}(x, hHeU.

Definition: A fuzzy sub-semi group (U, 1{7) of the fuzzy inverse automata semi group (X, 1;7) is called normal if it
is fuzzy full and fuzzy self-conjugate.

Remark: The exceeding introduced concepts give means for attacking many problems in fuzzy inverse semi groups
which go parallel with ordinary inverse semi groups theory [11],[14], [15].

lll. THE RELATIONSHIP BETWEEN FUZZY AUTOMATA INVERSE SUB-SEMI GROUPS AND THE CLASSICAL
ONES

We recall that fuzzy inverse semi group (X, F'),where F' = (F, f, ), is said to be a uniform if F'is uniform fuzzy

binary operationon X, ,i.e., f,,=f foralx,ye X.

Theorem: Let (X, F') be uniform fuzzy inverse automata semi group, where F' = (F,A)and "A " the minimum

function from J " intoI . Then every fuzzy subset A of which induces a fuzzy inverse sub-semi group (H (A), F) of
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the fuzzy inverse automata semi group (X 15 F) is a classical fuzzy inverse sub-semi group of the ordinary inverse
automata semi group (X, F')

(H(A),F).

Proof: Suppose that A is a fuzzy automata subset of X such that is a fuzzy inverse automata sub-semi

group of the uniform fuzzy inverse semi group(Xj, F) where I = (F,A)and "A".
(i) (Ao, F)is an ordinary inverse automata sub-semi group of (X, F);

x,y€ Ay wehave A(x) AA(y) = A(xFy).Thus, forany x€ X ,ifA(x) #0,then,by
(i)thereexistsunique x™' € A, suchthat x = xFx™',and so we have by (ii),
A(x) = A(xFx 'Fx) = A(xFx™") AA(x)
=(A(X)AAGXT)) AA(X)
=A(x) AA(xT),
A(x = A(x"FxFx™)
=A(x'FX)AA(x7h)
=(Ax"HYAAX)AAGT)
= A(x ) AA(x),
which means that A(x™') = A(x)and A(x) > A(x™"),

i.e.,A(x™") = A(x).If A(x) =0, then, by the inversive property of (X, F)
(ii) For all

x"'e X suchthat A(x™") > A(x). Hence, xFx ' Fx = x,x'FxFx ' = x™'

and itisclearthat A(x™") > A(x).whichmeansthat A is aclassical fuzzyinversesub—semigroup of (X, F).
Theorem: Suppose that (Y,F) is an inverse sub-semi group of the inverse semi group (X,F) and A is a fuzzy subset of

X such that Ao = Y. Then there is a fuzzy inverse semi group (X, F) such that the induced fuzzy sub space H (A0

by A is a fuzzy inverse sub-semi group of (X, F).

Proof: Suppose that (Y, F) is an inverse sub-semi group of the inverse semi group (X,F) and A is a fuzzy sub set of X
such that Ag=Y [15].

Now, we construct fuzzy automata inverse semi group (X, F) as follows:

f:J — Ibeagivent—norm. Andtake F = (F,f,),wheref =h_ (f(r,s))
suchthatif f(A(x),A(y)) # O,then
A(xFy)
J(A(x), A(y)
{1+ 1-A(xFy)
1- f(A(x),A(y)
Andif f(A(x),A(y)=0,thenh =7 for all0<7<1.1tis obvious that f, X, Y€ X are onto co membership

Let (1) = { t,if t < f(A(x), A(y))

(t=1),if 1> f(AX),A(y))

functions and f,y(r,s) = 0 if and only if r = 0 or s = 0. Therefore, (Xl, F), then from the definition of £, and noticing
that f is t-norm, we have, for all
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x,ye X, f,, (A(x), A(y)) = h,, (f (A(x), A(y))) = A(xFy).

Whichimplies that (H(A), F)is a fuzzy automata inverse sub — semi group of (X,,F).
Corollary: Every classical fuzzy automata inverse sub-semi group A of the ordinary inverse automata semi group

(X,F) induces a fuzzy inverse sub-semi group relative to some fuzzy inverse automata (X 15 F).

lll. CONCLUSION

Using the concept of fuzzy automata spaces, we have
defined fuzzy automata inverse semi groups and fuzzy
automata inverse sub-semi groups. The aim that to
establish those definitions is threefold. Firstly, to
generalize fundamental results from inverse automata
semi group theory; Secondly, to find out some new
results; thirdly, to clarify the links between our approach
and the classical one.
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